Chapter 7

PDA and CFLs



7.1 PDA

Is an enhanced FSA with an internal memory system,
l.e., a (pushdown) stack.

Overcomes the memory limitations and increases the
processing power of FSAs.

Defn. 7.1.1 A pushdown automaton (PDA) is a
sextuple (Q, 2., T, 5, 4o, F), where

> Qs a finite set of states

> 2 Is a finite set of input symbols, called input alphabet
> I'Is a finite set of stack symbols, called stack alphabet
> (o € Q, Is the start state

> F cQ,Isthe set of final states

> 0. 0Qx2Z U{ADxTu{rA}) >QxTuUu{r},a

(partial) transition function



7.1 PDA

=« A convention:
> Stack symbols are capital letters
> Greek letters represent strings of stack symbols
> An empty stack is denoted A

> Ao represents a stack with A as the top element



7.1 PDA

=« 0O IS of the form

6(ip, & Ao) = { [irs Adl, [Tizy Ao]s -, [ins An] }
where the transition
[0i, A] € 8(0i,, @, A)), 1<j<n
denotes that
> Qi IS the current state
> a s the current input symbol
> Ay Is the current top of the stack symbol
> Qi (1 <] <n)is the new state, and

> Ajis the new top of the stack symbol and in a state (transition)
diagram, it is denoted

@ a AOIAj ‘@




7.1 Pushdown Automaton

Input Tape

HEEEE

Tape Head 4 —>

Head moves in this direction

state indicator

Control Mechanism
Stack



7.1 PDA

= Special cases (note that g; and g; can be the same):

>

>

>

>

g5, A] € (g, @, ) /* Consume the input, push a stack symbol */
gj, A] € 3(i, &, A) /* Consume no input, pop the TOS symbol */
q;, A] € 3(q;, A, A) /* Consume no input, push a stack symbol */
q;, A] € 5(qg;, @, A) /* Consume input, no push/pop, an FSA transition */

= The PDA notation [q;, w, o] = [q; v, B] indicates that

[g;, v, B] can be obtained from [q;, w, o] as a result
of a sequence of transitions (i.e., O or more).

« Example. The PDAM=(Q, 2., T, 9d, qy, F), where § is

a M{\ b A/ﬂ
b Al

Accepts a"b" (n > 0) with an empty stack and in an accepting state s



7.1 PDA

« Defn.7.12letM=(Q, 2, T, 9, q, F) be aPDA. Astringw € 2.*
is accepted by M if 3 [q,, W, A] = [0, A, A], where g; € F.
L(M), the language of M, is the set of strings accepted by M.

-« Example (7.1.1) Give a PDA that accepts the language { wcwR |
we{a, b}}.

« Defn. A PDA is deterministic if there is at most one transition
that is applicable for each configuration of <state, input
symbol, stack top symbol>.

> Example 7.1.2 ConstructL={a'|i=0}u{ab|i=0}

> Example 7.1.3 Construct all even-length palindromes over { a, b }

> Nondeterministic PDAs allow the machines to “guess”
> For some NPDAs, their counterparts (i.e., DPDAS) do not exist

> Languages L accepted by DPDA include RL, and L < CFL .



7.2 Variations on PDAs

« Defn. A PDA is atomic if each transition in the PDA is of
one of the following forms:

q;, 2] € 6(q;, &, A) . process an input symbol
q;, 2] € 5(q;, A, A) : pop the stack
q;, A] € 5(q;, A, A) : push a stack symbol

« lTheorem 7.2.1. Let M be a PDA. Then 3 an atomic PDA M’
such that L(M’) = L(M).

> Replace each non-atomic transition by a sequence of atomic
transitions

= Defn. A transition [g;, a] € d(q;, @, A), where o € T'* Is called
extended transition. A PDA containing extended transition
Is called an extended PDA.

> Example 7.2.1. ConstructL ={ab? |i>1}, with PDA, atomic
PDA, and extended PDA




7.2 Variations on PDAs

Example 7.2.1

LetL = {a'b* | i > 1}. A PDA, an atomic PDA, and an extended PDA are constructed to
accept L. The input alphabet {a, b} stack alphabet {A}, and accepting state ¢, are the same

for each automaton.

PDA

Q = {90, 91,92}
§(qo,a, ) = {[g2, Al
6(q2, 2, A) = {[q0, A]
6(qo, b, A) = {[q1, A]
Al

}
}
J
o(q1,b, A) = {lq1,A])

Atomic PDA

Q =1{q0,91,92, 93,94}
6(qo.a,A) ={[g3,Al}
6(g3, A, 2) = {[q2, A]}
6(q2, A, A) = {[qo, Al}
6(qo, b, 1) = {lq4,A])
8(qa, A, A) = {lq1, 2]}
5(q1,b,1) = {lga, A1)

Extended PDA

Q=1{q0,91)

0(qo,a,r) = {lqo, AA]}
6(q0,0, A) = {lq1,A]}
8(q1,b, A) = {[g1,A])

O L'ﬁi
O/ (©)



PDA

=« Defn. A string w is accepted by final state if 3 a computation
[Ao, W, A] F=[a;, A, a], where g, e Fand a e T'*, i.e., the
content of the stack is irrelevant.

« Lemma 7.2.3. Let L be a language accepted by a PDA M
with acceptance defined by final state. Then 3 a PDA M’
that accepts L by final state and empty stack.

= Proof. Let M'=(Qu{q:}, 2, I, &, do, {G}), where
M=(Q,2,T,3,qy F),
o D 0,
vq, e F, &(a, A, A) ={[an A] }, and
VA eI, &(qn A, A)={[a: A] }
hence, given M,

[Olo, W, AT [ A o = [ap A, o] 7 [a A, AL 10



PDA

« Defn. A string w is said to be accepted by empty stack if 3
a computation [q,, W, A] = [q;, A, A], where g; may not
be a final state.

« Lemma 7.2.4. Let L be a language accepted by a PDA M
with acceptance defined by empty stack. Then 3 a PDA
M’ that accepts L by final state and empty stack.

Proof. (P. 230) Let M'=(Q u {qp}, 2., T, &', qy, Q), where
M=(Q, 2, T,59,q,), and
each state in M’ is a final state, except q,, the new
start state, where
0'(qy,s @, A) = 3(q,, @, A), and
VgieQaeXu{AiA}L,AelT u{Ar}
o'(q;, a, A) = o(q;, a, A)

11



Two-Stack PDAs

Two-stack PDAS, an extension of PDAS

A two-stack PDA (2PDA) is a sextuple (Q, 2., T, 5, qq, F),
where

> Q, 2, T, q, and F are the same as in a one-stack PDA
> 0. O0x (2 U{iADxT u{ridxT u{r} >
QxTu{A}xTU{r})
2PDAs accept non-CFLs, in addition to all CFLs

Accepting criteria:

> Consume an input string
> Enter a final state
> Empty both stacks

12



Two-Stack PDAs

« Example. Given L ={ab'c'|i>01}, Lis nota CFL.

A 2PDA M that accepts L is

aMA M c ML AL [q,, aabbcec, A, A] |- [q,, abbec, A, A]

3
>(%h) A ML ML

b A/A AA c M A/

U b AL MA

- L%
- L4
01
- 192
gl A

, bbcce, AA, A]
, bce, A, Al

, CC, A, AA]

, C, A, A]

v Ay Ay A

13



Two-Stack PDAs

« Example. A 2PDA M accepts L ={ ab'cd |i>0}

a MA M
S Q ) ‘ () dC/h A
N ©
DAIRIE d C/n A
& d.
bALAMB ) c A/C B/ .

[q,, @abbccdd, A, A] |- [d,, abbcedd, A, A]
- [do, bbcedd, AA, A]
- [q,, bcecdd, A, B]
- [q,, ccdd, &, BB]
- [9,, cdd, C, B]
- [d,, dd, CC, A]

- ;qs, d, C, 2]

|- 13 Ay A, A 14




7.3 PDA and CFLs

Defn. 5.6.1. ACFG G = (V, 2, P, S) is in Greibach normal
form (GNF) if each rule has one of the following forms:

) A—>aAA, ... A,
i) A—a
i S — A
whereae > andA eV-{S}i=12,..,n >

Example: Given the language L = { a'bicX | i, j, k>0 and (i =]

or 1 = K) }, the following PDA accepts L.:

b A/L /wck/x
\ 4




7.3 PDA and CFLs

=« The CFG G that generates the set of string in the language
L={abick|i,j,k=0and (i=jori=Kk)} ie., L(G),is

S—>aAc|aDbC|A|B|C
i=k{ A > aAc|bB|A
B—->DbB|A
i=j{ D—>aDb|A
C—o>cC|A

16



7.3 PDA and CFLs

« Theorem 7.3.1 Let L be a CFL. Then 3 a PDA that accepts
L.

= Proof. Let G = (V, 2, P, S) be a grammar in GNF that generates
L. An extended PDA M with start state q, is defined by

Qn={de 1} 2Zpn=2T,=V-{S}andF, ={q;}
with transitions

(@) 3(qg, &, A) ={[q, , W] |S—>aw e P}

(b) (g, @, A)={[g,, W] |A>aw e PandAeV-{S}}
(€) 8(do, A, A) ={[a1, A][S—>Ar eP} <

17



7.3 PDA and CFLs

Proof. We must show that

) L < L(M)
For each derivation S = uw with u € >* and w € V*, we

show that 3 a computation [q, U, k]}i[ql, A, WlinM
by induction on the length of the derivation, i.e., n.

Basis: n=1,i.e.,,S=aw,wherea e > andw e V*
The transition (a), i.e., 8(dy, @, A) ={[9,, W] | S —> aw € P },
yields the desired computation.

Induction Hypothesis:

Assume for every derivation S =uw, 3 a computation
[Do» U, A1 F—[ay, 2, w] in M.

18



PDA and CFLs

Induction:

. n+1 +
Now consider S= uw. Letu=va € X* & w € V*, S S uw
. n
can be written as S = vAw, = uw, where w = w,w, &
A —aw, € P.

By I.H. & [q,, w,] € &(q,, &, A) of Transition (b), I.e.,
o(dy, &, A)={[gy,W]|A>aweP&AeV-{S}}
[00, va, A] = [ay, &, Aw,)]

(A, A, wyw]

If L € L, then S — A € P yields the Transition (c), i.e.,
[Go; Ay A] [0y, ]

i) L(M) c L
Show that for every computation [qg, U, A] = [0, A, W],
3 a derivation S = uw in G by induction.

19



PDA and CFLs

« Every language accepted by a PDA is context-free

« The Transformation Algorithm:

Let M = (Q, 2., T, 3, q,, F) be a PDA. We construct the grammar
G 5. L(G) = L(M).

(i) Construct an extended PDA M’ w/ &’ as its transition function
from M .>.

(@) Given [q;, A] € 6(q;, u, 1), construct [q;, A] € &'(q;, U, A),
VAeTl

(b) Given [q;, B] € 3(g;, u, A), construct [g;, BA] € &'(q;, u, A),
VAeTl

(i) Given the PDA M’ as constructed in step (i), construct
G=(V,2,P,S),whereV={S}u{<qg,A g>|qg,q eQ,
AcelT U{A}}

* <Q;, A, g> denotes a computation that begins in g;, ends in
q; & removes A (e I') from the stack. 20



The Transformation Algorithm

P I1s constructed as follows:
1.5 > <0y A, Q> VOie F

2. For each transition [q;, B] € 8(q;, X, A), where A € I" U {A},
create {<q;, A, > —> X<q;, B, q,> | g, € Q}

3. For each transition [q;, BA] € 3(q;, X, A), where A e T,
create {<q;, A, q,> — X<q;, B, 9,><q,, A, g>| A, g, € Q}

4. For each g, € Q, create <q,, A, q,> — A.
Rule 1: A computation begins w/ the start state, ends in a final

state, & terminate w/ an empty stack, i.e., a successful
computation in M’

Rules 2 & 3: Trace the transitions of M’

Rule 4: Terminate derivations
21



PDA & CFLs

« Example 7.3.1. Given the PDA M such that L(M) =
{a"cb" | n>0}. The corresponding CFG G is given
In Table 7.3.1 (on P.240).

= Mis
Q ={do, 94} 6(do, &, A) ={[do, Al}
2={ab,c} (g c, A) ={[ay, A}
I'={A} 6(0y, b, A) ={[a,, Al}
F={q,}

= M’ is M with the additional transitions:
6(do, @, A) ={[q,, AA] } and
0(dg: €, A) ={[a;, Al }

22



PDA and CFLs

Example 7.3.1 P in G includes:

using Rule 1: S —» < (g, A, q; >
given 8(do, @, A) ={[do, Al } & Rule 2:  <qq, A, gp> = a <o, A, g™
<o, A, 0> —> a <qo, A, ;>
given 8(qy, @, A) = {[dy, AA]} & Rule 3:
<o, A, do> = a <0y, A, Gg> <Qy, A, qp >
<o, A, go> = a <0y, A, 0;> <0y, A, qp >
<o, A, 41> = a <do, A, Gg> <qop, A, q; >
<o, A, 4;> —> a<(o, A, ;> <0y, A, (; >
given 6(qy, €, A) ={[9;, A ] } & Rule 2:

<Qo, Ay o> — C <(y, A, o>
<Jp, A, 91> = C <qy, A, ;>

given 6(qy, ¢, A) ={[d;, A] } & Rule 2:
<do, A, Jp> = C <0y, A, Jp>
<do, A, ;> > C<qy, A, ;>

given 8(qy, b, A) ={[q,, 2] }
<0y, A, 0> —> b <qy, 2, >
<dy,, A d;> —>b<qy, A, g

using Rule 4: <qy, A, > —> A
<Q, A, Q1> > A

23



